To’plamlar

Birorta ham elementga ega bo‘lmagan to‘plam bo‘sh to‘plam deyiladi va © kabi
belgilanadi.

X € A— x element A to‘plamning elementi yoki 4 to‘plamga tegishli ekanligini
bildiradi. Masalan. A —juft sonlar to’plami bo’lsa 2 € A.

y & A— yozuv - y element A to‘plamga tegishli emasligini bildiradi. Masalan.
A —juft sonlar to’plami bo’lsa 1 &€ A.

QISMTO’PLAM

flAc B-| Agar A to‘plamning har bir elementlan B to*plamga
: e tegishli bo‘lsa, 4 to‘plam B to‘plamning qism

to‘plami deyiladi va 4 € B kabi yoziladi. Bunday

B ‘holatda « A to‘plam B da

. yotadi” yoki “ 4 to‘plam B ning gismi” deb ham
yuritiladi.

7 n Masalan: A —juft sonlar to’plami:
|AcB|¢&| vxed=xeB | AcCN.

TO’PLAMLARNING KESISHMASI

!—:_4_” E] A va B to‘plamlarning kesishmasi deb, shunday
to‘plamga aytiladiki, bu to‘plamning elementlari
ham A to‘plamga ham B to‘plamga tegishli bo’ladi.
Masalan: A = {2,4,6,8, ...} —juft sonlar to’plami
B ={2,3,5,7,11, ...} —tub sonlar to’plami:

ANnB ={2}.

(ANB|¢&>[xeAvax€eB)

TO’PLAMLARNING BIRLASHMASI

AUB! A va B to‘plamlarning birlashmasi deb, shunday
= to‘plamga aytiladiki, bu to‘plamning elementlari

yoki A to‘plamda, yoki B to‘plamda yotadi.
Masalan: 4 = {2,4,6,8, ...} —juft sonlar to’plami
B =1{1,2,579, ...} —toq sonlar to’plami:

AUB =N.

IAUB'(:}IJ[cEjlyokixE B




TO’PLAMLARNING AYIRMASI

[\ B]

A

A va B to‘plamlarning ayirmasi deb, 4 ning B ga
tegishli bo‘lmagan barcha elementlaridan tuzilgan
to‘plamga aytiladi.

Masalan: A = {2,4,6,8, ...} —juft sonlar to’plami

B ={2,3,5,7,11, ...} —tub sonlar to’plami:

5 A\B = {4,68, ...}
IA\ B‘(:)Ixrelflyax ¢ B
TO’PLAMLARNING SIMMIRTIKAYIRMASI

[4\ B]

IA\ B'(:)Ixrejl_yaxE B

A va B to‘plamlarning ayirmasi deb, A ning B ga
tegishli bo‘lmagan barcha elementlaridan tuzilgan
to‘plamga aytiladi.
Masalan: A4 = {2,4,6,8, ...} —juft sonlar to’plami
B ={2,3,5,7,11, ...} —tub sonlar to’plami:

A\B ={4,68, ..}

1-misol. Berilgan A va B to’plamlar uchun A N B, A U B, A\B va B\A to’plamlarni

toping: A = {1,3,4,5,6,8,10,11}, B = {2,3,4,6,7,9,10,12}.

ANB={34610},AUB = {1,2,3,4,56,7,8,9,10,11,12}, A\B = {1,5,8,11},

B\A = {2,7,9,12}.

2-misol. Berilgan A va B to’plamlar uchun A N B, AU B, A\B va B\A to’plamlarni

toping: A = [—1;3),B = [—2; 0) U (2;4].

ANB=[-1;0)U(2;3), AUB = [-2;4],

B\A =[-2;-1) U[3;4].

A\B = [0; 2],




X, € R nuqtaning ¢ >0 artofi deb (XO —&, X, + 5) to’plamga aytiladi.
<e Ixtivoriy y nuqta olamiz.

[x -yl <&

X—& X g + e
]

£ ‘
x nuqtaning & atrofi
'\{Ug(x) —(x—gx+¢)]

yeU.(x)=|x—yl<e

-
LY

Masalan: Uy 3(5) = (5 —-0,3;5 +0,3) = (4,7;5,3)
4,7 53

-
wy
e

Quyidagi belgilashlar ham ko’p qo’llaniladi:
UA=AUAU.UA, A=ANAN.OA.
k=1 k=1

Masalalar.
1. A={3n+1:neN},B={2n+1:neN} bo’lsa AN B toping.

Berilgan A va B to’plamlar uchun AN B, AU B, A\B va B\A to’plamlarni toping

va uni tasvirlang.
2. A=1[-3;3),B=[-1;0) U (2;4];
3. A=[-2;5)U[4;7), B=[-3;1)U (2;4];

4, @[—n,nﬂ),f}j[—n,n];
5. A:{(x y):x2+y2s1} B={(x,y):
A={(xy):max{[x|.[y[} <1}.B={(xy):[x|+|y|<1};
1

7. A:{x:sin—zl},B {x sm—: }
3 2

8. {(x,y):|x|+|y|+|x+y|§2}c{(x,y):max{|x|,|y|}§1} bo’lishini isbotlang va
ularni tekislikda tasvirlang.

|X|+|y|<1}

Ochiq va yopiq to’plamlar
R to’plamda VX,yeR nugtalar orasidagi masofa deb p(x,y)=|x—y| giymatga

aytiladi. U (a,¢) :{x eR:|x—a|< e} to’plamga a nugtani ¢ atrofi deyiladi. Agar
E =R to’plam x, € E nuqta uchun shunday U (X,,8) < E atrof mavjud bo’lsa X,nugta
E to’plamning ichki nuqta deyiladi.



E
) N | U(xg,8) = (xg — 8,25 + 8)
I\ 7 H | ( }
X0

U(XO,(S‘) CcE

-
L
9

Agar X, nugtada V& >0 son uchun U (X,,6)NE =& bo’lsa x,—E to’plamning
urunish nuqtasi deyiladi.
E
. Ulxg,8) = (xg — 8, %9 + 8) .
X0
V8: U(xg, 8) NE # 0

Agar x, nugta va v >0 son uchun U (x°,6)NE =@ va U (%, 6)(R\E) =@

bo’lsa u holda X, — E to’plamning chegaraviy nuqtasi deyiladi.

E
_ Ulxy, &) =/§\x0 —8,xp+8) _ | |
[ A} L A A}
\ —0—o—C— +—— | >

Xo
Vé: U(xg, ) NE #+ @valU(xy,6) N(R\E) = 0

Barcha nuqtalari ichki nuqta bo’Igan E — R to’plamga ochiq to’plam deyildi. Agar
E cR to’plam uchun R\E —ochiq bo’lsa E —yopiq to’plam deyiladi. E to’plamning

barcha ichki nugtalari to’plami E , urunish nuqtalari to’plami E va chegaraviy nugtalari
to’plami OE orgali belgilaymiz. Agar E to’plam uchun 3JU(O,R) shar topilib
EcU (O,R) bo’lsa u holda E —to’plam chegaralangan aks holda chegaralanmagan
deyiladi.

Masalalar
1. (a,b) to’plam ochigq, [a,b] to’plam esa yopiqligini isbotlang.
2.

3. x®—3x+2 <0 tengsizlikni yechimlar to’plami ochiq to’plam ekanligini isbotlang.

e’ — 2‘ <1 tengsizlikni yechimlar to’plami yopiq to’plam ekanligini isbotlang.

4, A= {l ‘ne N} to’plam uchun A A va 6A to’plamlarni toping.
n



5 A= {x eR: {%} < %} to’plam uchun AO\, A va 0A to’plamlarni toping.

6. A, B —ochiqto’plamlar bo’lsa AU B va An B to’plamlar ham ochiq to’plam bo’lishini
isbotlang.

7. Ixtiyoriy Ac R to’plamuchun 6A va A to’plamlar yopiq to’plam bo’lishini isbotlang.
8. x* > 3 tengsizlikni yechimlari to’plami ochiq to’plam ekanligini isbotlang.

Ketma-ketliklar
f :N— R akslantirishga sonli ketma-ketlik deyiladi. Odatda sonli ketma-ketliklar
a,,8,,8,,..,a,,... Yoki{a,}  yoki{a,} orqalibelgilanadi, bu yerda a, = f (n).

Agar shunday 3n,M haqiqiy sonlar mavjud bo’lib barcha n natural son uchun
m<a, <M tengsizlik bajarilsa {a,} sonli ketma-ketlik chegaralangan deyiladi. Buni
gisgacha quyidagicha yozish ham mumkin:

iN >0:]a,|<N,neN,
bu yerda N :max{\m\,\M\}.

m X1 X5 X100 X2 M
e oemes @ o o 09
X7 X4 Xg X3 Xn

Agar VN €N natural son uchun {an} sonli ketma-ketlikni shunday 3Ja.. xadi topilib

‘an(N) > N tengsizlik bajarilsa u holda {an} ketma-ketlik chegaralangan deyiladi.

Ketma-ketlik chegaralanganligini isbotlang.
Na’muna:
1-misol. x, =log,,, 2 .

__In2 _ In2
" In(n+1) " In(1+1)
0<x, <1 bo’lib {x,}—ketma-ketlik chegaralangan.

=1. Demak

Ma’lumki x,=log,,,2>log,,1=0 va X

2-misol. x, :1+i+i+...+i,(az 2).
2a 33 na



n>2 uchun x, = i < S < L 1 ! tengsizlik o’rinli. Bu tengsizlikdan

n® n’ n(n—l) n-1 n

foydalanib

X, —1+i+i+ +i<1+1—1 3—1 1.1 ...+L—1=2—1<2
2 3 n® 2 2 3 3 4 n-1 n n

tengsizlikka ega bo’lamiz. Boshqa tomondan X, >1 ekanligini ko’rsatish oson. Demak
1<x, <2 bo’lib x, —ketma-ketlik chegaralangan.

\/ﬁ,n—juft

3-misol. x =
—,n—toq
n

Faraz gilaylik x. chegaralangan. U holda shunday M natural son topiladiki
X,|<M,VneN o’rinli. Xususan n=4M? uchun ham. Ammo bu holda

X2 = =v4M? =2M >M bo’lib chegaralangaligiga zid. Demak x_ —ketma-ketlik
chegaralanmagan.

4-misol. x, =log, (n*+n) .
Agar n= 2" M eN bo’lsa u holda
X, =log, (n* +n)>log, n* =log, 2° =2M > M

bo’lib x, —ketma-ketlik har ganday natural sondan katta hadi bor. Demak x, —ketma-
ketlik chegaralanmagan.
Masalalar.

Sonli ketma-ketlikni chegaralanganligini isbotlang.

1. a, =3sinn; 2. a,=3sinn+4cosn; 3.4, = L = 4.4 L
1+n n+l1

1 1 1 1 1

S. an:x/n+1—\/ﬁ; 6. a”:F+?+37+F+"'+F'

1. a, =3n; 2.a =Inn; 3.a =n";



Limitlar

{X, }—sonli ketma-ketlik berilgan bo’lsin.

Ta’rif. Agar ixtoyoriyVe >0 musbat son olganda ham shunday no(g)eN son
topilib n, sondan boshlab barcha n>n, natural sonlar uchun |x, —x,|<e& tengsizlik
bajarilsa (ya’ni n, sondan boshlab {xn} ketma-ketlikning barcha barcha hadi
X, €(X, — &%, + &) oraliqda yotsa) u holda x, soni {x,} ketma-ketlikni limiti deyiladi
va quyidagicha belgilanadi:

limx, =X,.
nN—o0
*1 X3 X6 X190 X4 X2
0 3 & Y
— s #{emey =)
X5 x; %o
np=3

. ~1)" +n I
Misol. X, :L ketma-ketlikni limiti x, =1 ekanligini isbotlang.
n

Buni isbotlash uchun X, =1 nuqtaning turli atroflarini ko’ramiz va bu atrofga qaysi

ragamdan boshlab tushishini ko’ramiz.

Xq X3 Xe X100 Xq X3
0 : » P
.—v—v—v—v—&-—-—-v—-—.—r—-—-‘é—.‘—.—’—.‘ = * } T T T T T T T T T
5 2 25
0.3 xs x;‘_ 1 1

Uo,5(1) = (0,5; 1,5) atrofini ko’ramiz. X3, X4, Xs, ..., X190, - € Uy 5(1). n =3 uchun
Xn € Ups(1), ya'ni |x, — 1] < 0,5. Up,(1) =(0,8;1,2) atrofini ko’ramiz.
Xg, X7,Xg,y s X100, - € Ug2(1). m =6 uchun x, € Uy,(1) ya’ni [x,—1]<0,2,
Up,05(1) = (0,95;1,05) atrofini ko’ramiz. a,q, ayy, A3, .., A1) - € Up,p5(1). n 221
uchun x, € Upos(1) ya’ni |x, — 1| <0,05. Endi bizVe>0 son uchun 3n,eN
ko’rsatishimiz kerakki shu sondan boshlab |x,—X, <& bo’lsin (ya’ni (1-&1+ 5)

atrofida yotsin). Buning | x, — X, |< ¢ tengsizlikni yechamiz.
(1)'+n |_ ‘(—1)“
n

1 1
=—<&e=>N>—.
n &

-1

|Xn_xol_‘ n




1 : : :
— har doim ham natural son bo’Imagani uchun bu sondan kattaroq [1} +1 sonni n,
g g

sifatida tanlaymi, ya’ni n, = F}l. Demak n, = F}l sondan boshlab |x, —x,|< &
& &
tengsizlik bajariladi, bu yerda n > F}l.
&

X, ketma-ketlikning limiti berilgan a soni ekanini ta’rif yordamida isbotlang.
Namuna:

1-misol. lim
n—=n+10

=1 tenglikni ta’rif yordimada isbotlang.

Agar limx, =a bo’lsa limit ta’rifiga ko’raVe>0,3n, e N,vVn>n,:|x, —al< & bo’lishi

n—o0

kerak. Demak biz V¢ >0 son uchun 3n, e N ko’rsatishimiz kerakki shu sondan boshlab
| X, —al|< & bo’lsin.

n -l<e¢g
n+10
£<g:> <g,n+10>£,n>£—10:>n0: E—10 +1= E—g
n+1 n+10 P g g g

10
N, = {? — 9} bo’lib ixtiyoriy & >0 uchun n, ko’rsatildi.

2-misol. x, =arctgn, a =% bo’lishini ta’rif yordimada isbotlang.
Ketma-ketlik limiti ta’rifiga ko’ra:
Ve>0,an,(g),Vn2n,(&):|x, —a|<e(x, e(a—¢ga+¢)).
Demak biz berilgan ¢>0 son uchun shunday n,=n,(&) topishimiz kerakki vn=>n,

bo’lganda x, e(a—&,a+¢) ya'ni |x, —a|<e bo’lsin.

1 1
=larcctgn|=|arctg=| =arctan=< &
n

n

arctgn — 2| =% —arctgn
2| |2

1 1 {1}
—<tge=>n>—=n,=| — |+1.
n tge tge



Masalalar

n 3n+1 3
)x =——, a=1; 2)x =42, a=1; 3)x = La=—;
n+ 2n+1 2
sinn -1)’
4)x =——, a=0. 5)xn:arctgn,a:£; 6)xn=( ) , a=0.
2 n+3
X, ketma-ketlikning limitga ega emasligini isbotlang.
Na’muna:
n . zn
X, = sin—.
n+1 2
. 7h . : : .. :
Awval sin > iIfodaning qiymatlarini ko’ramiz:
mn m nn
n=1:>sin7=sin§:1; n=2=sin— =sinn = 0;
n 3 mn
n=3=sin— =sin— = —1; n =4 = sin— = sin2m = 0;
2 2 2
n 5w

n=5:>sin7=sm7= 1.
Demak giymatlari har 4 ta qadamda takrorlanadi.

n = 4k + 1 bo’lgandagi qiymiy ketma-ketlik {x4;,1} < {x,,} limitini topamiz:

1
1+—
4k +1
limx, _I|mx —I|m4k+1sm( il )”:Iim 4ksm 27zk+ =1.
n—oo 4k+1 k—o0 k+2 2 k—o0 1 2
1+E

n = 4k + 2 bo’lgandagi qiymiy ketma-ketlik {x,j 4.} < {x,,} limitini topsak:

1
1+—
4k +2
limx, =limx,, = Il(im4k+23in( " )ﬂ:ll(im 43E<sin(27zk+7z):0.
n—o >0 4k +3 2 _>001+—



Ketma-ketlik yaqinlashuvchi bo’lsa va x, songa yaginlashsa uning gismiy ketma-
ketliklari ham yaqinlashuvchi bo’ladi hamda x, soniga yaqinlashadi. Qismiy ketma-

kema-ketliklari har xil songa yaginlashgani uchun ketma-ketlik yaginlashuvchi emas.

Ya’ni limx, — 2.

n—oo

Masalalar.
1. xn:sinn—ﬁ;
2
5 Xn:(_l) n+1;
n+2
3 xn:Lcomn,
n+1
4 xn:n—_lcos”—n
n+1 2

Endi ketma-ketlik limitini topish qoidalarini keltirmiz. limx, va limy,  limitlar

n—o0 n—o0

mavjud bo’lsin.

L lim(x, xy,)=limx, +limy,;

n—o0 n—o0

2. limx .y, =limx -limy,_;

nN—o0 n—o0 N—o0

] . X lim Xn
3. limy, #0=lim—t =1=2=2—;

n—w n—o yn lim yn

n—o0

4. X, <y,<z,valimx, =limz, =a bo’lsauholda limy, —3 va !ﬂl y,=a;

n—o0 N—o0 N—o0

k k n
5.a>1:>|imn—n:0; a>1:>|im|nan:0; Iim(1+£j =e;

n—o0 a n—oo n nN—o0 n

: : . X X —X .
6. (Chezaro-Shtols) limx, =limy_ =00 va lim——3 bo’lsa lim——"L —3 va quyidagi

N—o0 n—o0 N—o0 yn N—o0 yn — 11

tenglik o’rinli:



. X . X =X
lim— = |[jm———n=
Nn—oo yn Nn—o0 yn —_ yn_]_

Ketma-ketlik limitini toping.

Na’muna:
3n’-5n+4 3 5+4
2 _ Y — ——t = a_
1)|imw:|' 5 n = lim n_n :3 O+O:3;
et —Bn+7 e nt-6n+7 ey 67 1-040
n2 n n?
(\/nz+n+1—\/n2—n—l)(\/n2+n+1+\/n2—n—1)
2)Iim(\/n2+n+1—\/n2—n—1)=lim =
N> N> JnZ+n+1+n’—n-1
n+n+1)—(n>-n+1
i )~ ) _im 2n _ lim 2 _
> 2 4n+144dn?—n—1 "™ Jn24+n+1l++n2—n-1 "”“’\/n2+n+1+\/n2—n—1
n n
=lim 2 = 2 =1
M\/ 1 1 \/ 1 1 1+0+0++1-0+0
I+ —+ 5+, 1-—+—
n n n n
3
Y,
. 3 )3
143 1+in (1+2nj :
_(2n+3)" n : 2n , e2
3)lim =lim =lim———<—=Ilim - =-—T =86
n—o 2n +1 n—o 1 n—o 1 n n—o on\> 2z
1+ — 1+— 1 2 e?
2n n 1+—
2n

nN—o0 N—o0

1111 1i1 1 o
4)”m(\/§4‘/§§/§-...-2\n/§)=|im(525458...52”J=Iim{52 4's Z”leim[5l 2"}:510 _s:

L
n

5)lim 5" +4" =lim JS”{H(%)HJ:IMS(H(%T} =5(1+0)° =5.

n—o0 n—o0

Misollar.



2n+3 3n*-5n+4 -5n+1

1)lim 2)lim=0 —oN*% 3)lim
> 30 4+1° e n? —BN+7 e nt pn+l’
4)Iimw; 5)Iim(\/n+l—\/ﬁ); 6)Iim(x/n2+n+1—\/n2—n—1);
n—oo n +n nN—oo n—oo
1 1 1 1 '
7)lim tot———|; 8)lim(+/5/5%5-...-4/5);
)nﬂw[l 2723732 n(n +1)] )n»w(\/_\/_\/_ \/_)

o)lim YW +7. 10)lim n| 3+ o . 11)Iim(2n+3j;
n—o 10/r.| +3 n—o n n-»o\ 2n+1

50
12)lim /5" +4"; 13),!"29”2 (m/n2 + n); 14) lim (2n +1)

i >= (3n +1) (n +1)3°

Yugori va quyi limit
Yugori va quyi limitlar mos ravishda quyidagicha aniglanadi:

limx, :=limsup{x X}y limx, =liminf {x Xpeo |-

n? n+l’ n+2 n? n+l’ n+2
n—oo n—oo N—o0 n—oo

Quyidagicha aniglash ham mumkin:

limx, :=sup{a:3|{xnk }c{xn},xnk —>a},|i_mxn =inf {a:EI{xnk }c{xn},xnk —>a}.

Namuna:
Quyidagi ketma-ketlikni yugori va quyi limitini toping:

n+1 . zn

a, = .
2n+1 4

Yechish: Sinﬂjn ketma-ketlikni qiymatlar to’plami {O;i%;il} bo’lib, har 8 ta

gadamda qiymatlari takrorlanadi. sin%nzl giymatga n=8k+2 va sin%nz—l

giymatga n =8k +6 bo’lganda erishadi. Shuning uchun



. 8k+3 1 8k +7 1
limx, _I|m N Xgpp = =1lim limx, —I|mx8k s =lim| — =—=—.
N 25016k +5 2 o 7 ko 16k +13 2

I|mx va limx, limitlarni toping.

n—oo N—o0
Masalalar
Yugori va quyi limitlarini toping.

:(—1) n+1; 2 % :sinn—”; 3.X :Lcosyzn; 4.Xn:n—_100$7[—n.

n+2 " 2 n+1 n+1 2

Funksiya limiti

funksiya x =0 nugtada aniglanmagan. Biroq x ning nolga

¢ (x): \/1+)3:x -1

yaqin bo’lgan nuqtalarda qiymatlarini o’zgarishini ko’ramiz.

-—mml-ml--
f(x) 1 .11l 1.153... 1.25. 1.304... 1.401... 1.428... 1.496... 1.498... 1.499..

Xn X1 X2 X3 Xa X5 Xg X7 Xg X9 X10 Xn— 0

X, — 0 bo’lganda f (xn) funksiya giymatlari 1.5 ga yaqginlashyapdi.

Ta’rif. f(X)—funkSiya X, nuqtaning biror atrofida aniqlangan bo’lsin. Agar
V{X,}, X, %X, 1 X, = X, ketma-ketlik olganda ham f (x,)— B bo’lsa u holda B soni
f (x) funksiyaning x — X, bo’lgandagi limiti deyiladi va lim f (x)=B kabi yoziladi:

A f(x)




J1+3x -1

Iirrol limitni x, — 0 bo’luvchi bir nechta ketma-ketliklar misolida
X—> X
ko’ramiz.
2 3 3
X,=—+——>0=—
n n 2

fa)="—7% 3 2 3 E 37
—+— —+— —+— 2+
n n n n n n n
1( 2
xn——[ ”—1J—>O:>

2

\/1+:13(e”—1J—1 1 1

B _4f —1_3 en -1 3 _)E;

fa)="—r= BRI S VA SR Y
3[e” —1} en -1 (e” —1j£e“ +1J e"+1
X, =arcctgn > 0=

f 1+ 3arcctgn —1 (« /1+ 3arcctgn — 1) (1 /1+ 3arcctgn + 1)
(x0)= arcctgn B (« /1+ 3arcctgn + 1) arcctgn -

3arcctgn 3 3 B

= —> =
(«/1+ 3arcctgn +1)arcctgn Jl+3arcctgn +1  V/1+3-0+1

Umuman olganda V{x,}—0,x, #0 ketma-ketlik uchun
1

() Jirax -1 (L3 -1)(J1+3x, +1) 3 .3

3
=

Xn X, (1/1+3xn +1) J1+3x +1 2
|im—“1+i’x_1=§.

x—0 2

Quyidagi funksiyalar limitga ega emasligini isbotlang.

o’rinli. Demak

Na’muna:
1-misol. f(x) = [x] funksiya x —» 2 bo’ganda limitga ega emasligini isbotlang.

Yechish: x, =2+ % — oo ketma-ketlik olamiz. n > 2 uchun 2<x,=2+ % <3
tengsizlik bajarilgani uchun [x,,] = 2 va n —» o bo’lganda [x,] - 2 ya’ni f(x,) - 2



bo’ladi. Agar y,, = 2 — % — 2 boshga ketma-ketlik olsak n > 2 uchun 1 < y,, < 2 bo’lib
[yal » Lya'ni f(y,) - 1.

1
xn=2+§—>2 = f(x,) = 2;

1
yn=2—g—>2=>f(yn)—>1.

f(x) = [x]

fl) =2

fyn) =2

Ammo Geyni ta’rifiga ko’ra V{x,,} - 2 ketma-ketlik olganda ham f(x,,) bitta songa
intilishi kerak edi. Shuning uchun lirr%[x] mavjud emas.
X—

f(x) = [x]

Umumiy holda m € Z butun son bo’lganda lim [x] mavjud emas.
x-m



2-misol. f(x) = sini funksiya x — 0 bo’ganda limitga ega emasligini isbotlang.

Yechilishi. Nolga inltiluvchi noldan farqgli ikkita fargli ketma-ketlik olamiz.

xnz%—>0=>f(xn)=sin7m=0—>0;

. (T T
Yn =7 —>0=>f(yn)=Sln(§+27'm)=51n5=1—>1_

§+ 2mn

Vn Y3 Y2
1

=

X, — 0 bo’ladigan ikkita turli ketma-ketlik uchun f(x,) ikki xil songa intiladi.
Shuning uchun lirr(l) sini mavjud emas.
x—

Misollar

Funksiya x — a bo’lganda limitga ega emasligini isbotlang.

-1,x<0
1. f(x):cosi,x—w; 2. f(x)=sgn(x)=4 0,x=0,x—>0;
1,x>0
2x+1,x<1
3. f(x)=sinlnx,x —>0; 4, f(x):{ S XL
ox—1,x>1

Limitni hisoblash qoidalari
lim f (x), lim g (x) - limitlar mavjud bo’lsin.

1 lim(f(x)£g(x))=lim f (x)+limg(x);
X—>Xg X—Xg X—>Xg

2. lim f (x)g(x)=lim f (x)-limg(x);

X—Xg X—Xg X—Xg



f(x) Jimf(x)

3. limg(x)=0= lim

X—>Xg X—>Xg g(x) )I(l_g] g(X) )
4. Iingx:o;
. . sinXx ) 1
5. Ajoyib limitlar: lim2NX_ g lim(1+x)x =e;
x—0 X x—0
C (1+x) -1 g _
6. Imgza, a>0:>I|ma 1:Ina;
x—0 X x>0 X
. tgx . arcsinx . arctgx
7 0imX g &MY g im 2.
x—0 X x—0 X x—0 X

8. limf(x)-3< lim f(x)=lim f(x);

X—a X—a+ X—a—

9. f(x)<g(x)<h(x),Vxe(a—&,a+¢) va lim f (x)=limh(x)=B bo’lsa u holda

X—a X—a

limg(x)-3 va limg(x)=B.

X—a X—a

Limitlarni hisoblang.

Na’muna:
. C (1+x)' —1-4x
1-misol. I|m( ) > ,
x—0 X
Yechish.

Nyuton binomi formulasiga ko’ra

(1+ x)4—1—4x:1+4x+6x2+4x3+x4—1—4x:x2(6+4x+x2) .

Demak
4
Iim(1+x) ;1_4X:Iim(6+4x+x2):6.
Xx—0 X x—0
_ _In(x*+x-1)
2-misol. lim

X In(x2 —3x +10)

Yechish:



1 1
3 In| x*[14 = - = nx+inf1e -1
_ In(x FX— 1) _ x> X . X2 X
ms 3x110] A 3 00 3 10
n(x XA ) In£x2(1—+ljj In x* +In£1—+)

X X

1 1
1 1 Inj 1+~ —-—
3Inx+|n(1+2—) 34 IR

- X X)) In x 3
=lim =[im =—,
M2Inx+ln(1—3+1oj - In(l—3 1?) 2
X X 94 X X
In x
Misollar.
3_
oL x? 33X +2
_ 3
2. lim——X__.
o1 2X+ X" -3
1+x) —1-5x
3. Ilrp( ) v :
4 \/x+ -3
' Mx —8X+7’

Ajoyib limitlardan foydalanib limitlarni hisoblang.

. sinX
lim——=1
x=0 X
rZT\"‘\
/o "\\
/ il .I".
- Y
e N _ . / III'\ / //d_ e
- ~ X L
Misollar.
. sinb5x
1. lim :
x—0 4x
sin3x
2. lim :

. )
x—0 Sin5x



COS 3Xx—COS 2x

3. lim 5 ;
x—-0 X
. 1—cosx
4. lim —;
x->0 X
] 1
I|m(1+ x)x =e
Xx—0
N
\\ !
.e=2718..
Misollar.
s
5. lim(1 + 3x)x;
x—0
. In(1+x
6. lim ( );
x—0 X
7 In(142x).
" x>0 sin3x '’
. 1+5x
8. limln—————.
x—0 tg2x+In(1+x)
.a¥—
lim =Ilna,a>0
x—0 X
Ina
Misollar.
. 3X_p%
9. lim X
x->0 X
. 5%—5 )
10.lim , [hint: x — 1 = t];
x—->1 X—
. 3*—cosx
11.lim ———;

x—>0 5%



. e*—-1
12'}51_% In(1+2x)°

Misollar

13.]im 2x L
x—0 nx
14.lim =L
x—>1xM-1
x_3
15.]im 22X+
x-0 X
16 llm 3¥—/1+2x

x>0 sin 5x+In(1+x)

Namuna:

—3 3
P lim X220 g0kt 7] = fim MO 2T

x>7  Yx+9-2 =0 Y16+t-2
1

t
1 1
(1+t)2—1 (1+j 1
179 1 7
ot ot 1111
_ 3y 9 27 _ 392 273
_Eltgg 1 _E 1 1
1+ 4" 21 16 4
1\ 16)
16 t
16
: e 1 cosxd
2) IXiDg(COSX)? :Li_[‘)}(‘)](l+(cosx_]_))x2 :!(i_r)]g(]_.;_(cosx_l))cosx—l N
. L EEWE
:IXILr()\(l+(cosx—1))cosx—1 X =IX|Lr01(1+(cosx—1)) 2c0sx-1{ 2

Misollar



. 3\/x+4—2_
17.}61_r>rllL NP
18.1; Vx+2-3x+20

'x‘£n7 x+9-2

f(x)

Agar lim ﬂ =1bo’lsa f va g funksiyalar x — x, bo’lganda ekvivalent deyiladi
X—>Xg g X
va f(x)~g(x) kabi belgilanadi. Funksiyaning o’rniga uning ekvivalentidan

foydalanish limit hisoblashni ancha osonlashtiradi.

X — 0 bo’lganda limitda quyidagi almashtirishlarni gilish mumkin:

2
. X
sinx ~ x,a* ~1+xIna, (1+x)" ~1+ax, cosx~1—?, 1+ X ~ e~

Namuna:
i 3*~1+xIn3 ,
X
x_ 3 1 1+ xIn3—-1-=>
i (3 -¥1+2x) ~ «3/1+2x:(1+2x)3~1+2—;( i i ( 3)_
x>0sin5x + In(1—4x) <inx ~ Bx x>0 Bx+4Ine™
i 1-4x~e™ |
x(ln3+§j ’
=lim——=In3+=.
x—0 X 3
Misollar
. n\/1+axmv1+bx—1_
19.lim :
x—-0 X
3
. 1+2x\x,
20.lim (552"

1
21.lim(cos x)Z%;
x—0

22.limx"®z [Hint:x — 1 = t,tgt ~t];

x—1
) 5¥—3/1+3x
23.1im :

x50 1n(1+3x)+tg§’

24 lim Vi+x sinx—ll

x—0 exz—l



O’ng va chap limitlar

Ta’rif. f(x)—funksiya X, nuqtaning biror atrofida aniqlangan bo’lsin. Agar
V{X,}, %, > X, : X, = X, ketma-ketlik olganda ham f (x,)— B bo’lsa u holda B soni
f(x) funksiyaning x— x,+0 bo’lgandagi
o’ng limiti deyiladi va quyidagicha yoziladi:

lim f(x)=B.

X—>Xp+0

Shuningdek agar  V{x,},X, <X;:X, > X i r)=C
ketma-ketlik olganda ham f (x,)—C bo’lsa T
u holda B soni f(x) funksiyaning x — x,—0 x5 lim, £ () 5.
bo’lgandagi 0’ng limiti deyiladi va quyidagicha -

yoziladi: /

v

C. E

lim f (x)

X—>Xo—0

f(x):lnu uchun lim f (x)— lim f (x) ning giymatini toping.

X + /XZ +b2 X—>+00 X—>—00

\/1+ NG 1+\/1+

limIn—————— =0;
X—>+00 X+m X—>+00 \/]7 1+\/]T

: X++/x*+a’ ~t+t*+a’ t* +a’ -t
limIn=———=[x=-tt>o]=limIn————— —— =
e ERN G +b2 et |t +b2 S i 7t

t2 +a2—t2)( t2 + b? +t)




2 2
Demak lim f (x)— lim f(x)=0—ln%=lnb

X—>+00 X—>—0

25. lim arctgx, 11m arctg x;

X—+00 — 00

arccos(1- x) _

26. lim ;
x—0- ,/X
27. lim arctg— 11m arctg—
x->1+
28.11m[ |- llm[ ]
X—
x+VxZ+a?
= — =7
29.f(x) =In—F—— N oyt x11r+n f(x) llm f(x)
30.lim sin? m(vx + 1 —Vx).

X—00

Funksiyaning uzluksizligi

a?’

f (x)-funksiya x — x, bo’lganda f(x) — f(x,) bo’lsa ya'ni

lim £() = £ (xo)

u holda f (x) funksiya x = x, nuqgtada uzluksiz deyiladi.

f(x0) ®

y=7fx)

f (x) funksiya x = x, nuqtada uzluksiz bo’lishi uchun quyidagi shartlar bajarilishi

kerak:

1-shart. lim f(x) mavjud bo’ 11sh1( 11m f (x) = 11m f (x) ya’ni o’ng va chap limitlar

X—X
mavjud va teng bo’lishi);



2-shart. b = lim f(x) limitini qiymati funksiyani x = x, nuqtadagi giymatiga teng
XX

bo’lishi ya’ni b = f(x;).

y
lim f(x) = lim f(x) = f(x)
x—=x0— x—Xx0—
/ Agar xy nuqtada
y=fx)
/ lim f(x) = f(x0)
| x—Xxg
/ tenglik bajarilsa y = f(x) funksiya
x = xo nuqtada uzluksiz deyiladi.
/:
<.,-’/
x
X = Xp

Funksiyani uzluksizlikka tekshiring.
Na’muna.

1-misol. a ning gayday giymatida f (x) funksiya uzluksiz bo’ladi?

sin 3x
f =" **0
ax =0
Yechish. x — 0 bo’lganda
sin 3x
lim =3
x—-0 X
va funksiya giymati f(0) = a.
Y
/ sin 3x
/~_ o)==
/ A y =\a




Funksiya uzluksiz bo’lishi uchun x — 0 dagi limiti x = 0 dagi qiymatiga teng bo’lishi
kerak, ya’ni a = 3 — misol.

Javob: a = 3 — misol.

2-misol. a va b ning gqayday giymatida f (x) funksiya uzluksiz bo’ladi?

( a*—1
,x <0
fy=4  4x=0
xb
(1+3) -1
L , x>0
X

Yechish: Funksiya uzluksiz bo’lishi uchun u limitga ega bo’lishi kerak, ya’ni chap va
o’ng limitlari teng bo’lishi kerak:

x b
I —tim T i, i = | (+2) -1
Jip £69 = Jip == =na, lip £s) = iy S—2— =

Demak 2 = Ina. 2-shartga ko’ra bu limit qiymati funksiya qiymatiga teng bo’lishi kerak

N

ya’nig =Ina = 2 — misol. Shuning uchun b = 4,a = e?,



Javob: b = 4,a = e?
3-misol. Funksiyaning uzulish nugtalarini toping: f(x) = [x?].

Yechish. Funksiya uzluksiz bo’lishi uchun u limitga ega bo’lishi kerak. g(x) = [x]
funksiya x = n € Z nuqtalarda limitga ega emas. Ya’ni shu nuqtalarda uzilgan. Bundan

x> =neZ bo’ladigan nuqtalarda (masalan X = Jn bo’ladigan nugtalarda):

XE%[XZ]:n—L lim [ x* [=n= lim [ x*]= lim [%*]

x—>Jn+ x—>vn— x—>n+

bo’lib f(x) = [x?] funksiya uzilgan.

P J fx) =[x .

Javob: x = ++/n nugtalarda uzulishga ega.



Misollar.

2sinx—1 x:,tn
ax+2,x<1 RS F ¢ 6
l'f(x)z{Bx—ax>1’ f(x)=arctgex+1, f(x)= ’ T
’ = a 'xz—
6
(1+2i)“—1‘x <0 .
2 F(x) =15, x=0, f(x)z{sm;.xio
ln(l+bx)’x >0 0 ,x=0
ebx_eax

x<O0

’

3.f(x)=<2a+b—1, x=0 f(x)zig,igg
Vitax-V1+bx g

X

4. f(x) = E], flx)= COSﬁ

, x>0

Funksiyaning tekis uzluksizligi

Agar ixtiyoriy € > 0 son olinganda ham shunday & > 0 son topilib, |[x" —x"| < §
vax',x" € X bo’lganda |f(x") — f(x"")| < € bo’lsa u holda f (x) funksiya X to’plamda

tekis uzluksiz deyiladi.

/

8 8

"’.2 L"l

Tekis uzluksiz bo’lmagan funksiyaning  Tekis uzluksiz funksiyaning grafigi
grafigi

Ya’ni

Ve>0,36>0[x —x"|< 3, vX, X" e X :|f (x)-f(x")<e



& sonini € bilan bog’liq qilib topish kerak. |x" — x"'| < & bo’lsin deb |f (x')—f(x")
ayirmani 6 orqali bo’glash mumkin bo’lsa tekis uzluksiz bo’ladi.

y=f)

Ay

f(x'l)

f(x")

1-misol. f(x) = x? funksiyani X = [0; 2] to’plamda tekis uzluksizlikka tekshiring.
Yechish: |x" — x"'| < § bo’lsin.
[f(x)=F(x")
§ =~ bo’lib f(x)=x* funksiyani X =[0;1] to’plamda tekis ., |
uzluksizlikka bo’ladi. _ =

e

= ‘x'z - x"z‘ =X = x"||x"+ x| < §(|x'|+|x”|) <5(2+2)=45=¢

2-misol. f(x) =sin3x funksiyani R to’plamda tekis
uzluksizlikka tekshiring. d ]

Yechish: |[x" — x""| < 6 bo’lsin. f

|f (x")— f (x")|=|sin3x’—sin3x"| =|2sin 3(X'—x )cos3(x +X') = /
2 2 /
_olsin 3 =X) cosS(X;X ) _23|X2_X|<2375=35=g.

Demak § = § bo’lib f(x) = sinx funksiya X = R to’plamda tekis uzluksiz bo’ladi.

3-misol. f(x) = x? funksiyani X = [0; o) to’plamda tekis uzluksizlikka tekshiring.

12 =1

: 1 : :
Yechish: x, =n€X va x;), =n+ ~€X nuqtalarni ko’ramiz. |x, — x,, -

0, |x" — x""| < & yetarlicha katta n sonlar uchun o’rinli bo’ladi, ammo



=2+i2>2>g
n

£ ()= f(x)

2
nz—(n+1)
n

bo’lib |f(x") — f(x'")| ayirma yetarlicha kichik emas. f (x)=x* funksiyani X = [0; c0)

to’plamda tekis uzluksizlik emas.

4-misol. f(x) = %funksiyani X = (0; 5] to’plamda tekis uzluksizlikka tekshiring.

ich: I 1 1 s / " 1 ( 1 )
. = - = . - = -
Yechish: xj ~ Xy = ——€X bo’lsin |2, — xx | D 0 n(n+1)<5
bo’ladi, ammo
y
ek
£
£
E% e ——
oI 1 I T T
NoW A — '

[£() = (x")

emas. f(x)= 1 funksiyani X = (0; 5] to’plamda tekis uzluksizlik emas.
X

=[n-(n+1)|=1>¢ bo’lib |f(x') — f(x")| ayirma yetarlicha kichik

Masalalar
Tekis uzluksizlikka tekshiring.
1. f(x) =5x+2,X =[-5;6];
2. f(x) =x3,X =[0;2];
3. f(x) =cosx,X =R;

4. f(x) =Vx,X = E;oo);
5 f(x) =Inx,X = (0; 1];
6. f(x) =sinx?, X = [0; o).



Uzluksiz funksiyaning xossalari

f :E — R funksiya x, € E ichki nuqtada uzluksiz bo’lsin. Agar f (Xx,)#=0 bo’lsa
u holda x, nuqtaning biror atrofida ishorasini saglaydi (yani misol uchun f (xo) >0
bo’lsa JU (X,,6) mavjudki Vx €U (X,,6) uchun f (x)>0 o’rinli).

F 3

f(xo)iﬁ ________ : _pn

v

Bolsano-Koshining 1-teoremasi. f € C[a; b] (ya’ni f(x) funksiya [a; b] oraliqda
uzluksiz) va f(a)f(b) < 0 bo’lsa u holda shunday 3¢ € (a, b) son topiladiki f(c) =0
o’rinli.

fb)>0
a/f()=0
/ *’
fla)<o

1-misol. f(x) = x3 — 3x2 + 1 ko’phadning ildizlari qaysi oraliglarda yotadi?
Yechish: Ma’lumki ko’bik ko’phad hamma yerda uzluksiz. Bu funksiyaning
f (—1) =-3 f (0) =1 f (1) =-1 f (2) =-3 f (3) =1 qiymatlarini ko’ramiz.
f (—1) f (O) =-3<0 bo’lgani uchun Bolsano-Koshining 1-teoremasiga ko’ra shunday
x; € (—1; 0) mavjudki f (Xl) =0. Xuddi shunday quyidagi sonlarni ham topamiz:
fOf(1)=—-1<0=>x, € (0;1): f(xp) =0;
fRQ)fB)=-3<0=>x3€(2;3):f(x3) =0,



f (x)—funksiya ko’bik funksiya 3 ta ildizga ega, va bu ildizlari (-10), (0;1) va (2;3)
oraliglarda yotadi.
Bolsano-Koshining 2-teoremasi. f € C[a; b] va f(a) < f(b) (yoki f(a) > f(b))
bo’lsa u holda f(x) funksiya f(a) va f(b) sonlar orasidagi barcha qiymatni qabul giladi.
Ya’ni VC € [f(a), f(b)] uchun 3c € [a,b]: f(c) =C

F 3

f(b)

y==¢C /

Y

a E b
fle)=c
2-misol. x* = 3 tenglamani ildizi qaysi oraligda yotadi?
Ma’lumki f(x) = x* funksiya [1;2] oraligda 1 y=x*
uzluksiz, yani XXeC[l;Z]. f()=1, f(2)=4 va / 3
y =

3e[f (1); f (2):| bo’lgani uchun Bolsano-Koshining 2-
teoremasiga ko’ra ElCE[l; 2] mavjudki f (C)=3 ya’'ni
c® =3. Demak x* =3 tenglama [1;2] oraligda yechimga
ega. .

05 H 15
x

E, 1
Veyerstassning 1-teoremasi. f € C[a;b] bo’lsa f(x) funksiya [a,b] oraliqda

chegaralangan.

Ya’nidm,M € R: m < f(x) < M, Vx € [a; b].



y=f(x)

v

Veyerstassning 2-teoremasi. f € C[a; b] bo’lsa f(x) funksiya [a,b] oraligdagi
yuqgori aniq va quyi aniq chegaralariga erishadi.
Ya’ni shunday 3¢, d € [a,b] : f(d) < f(x) < f(c),Vx € [a; b] o’rinli.

fc)+

fld)

Masalalar

1. P(x)=x"*-3x+1 ko’phad (0;1) oraligda yechimga ega ekanligini isbotlang.

2. x> —3x=1 tenglama (1;2) oraligda ildizga ega ekanligini va sonlar o’qida kamida 3
ta ildizga ega ekanligini isbotlang.

3. feC (R) funksiya bo’lsa {X eR: f(x)< C} ochiq to’plam ekanligini isbotlang.

4. f eC(R) funksiyabo’lsa f o (a, b) = {X eR:f (X) e(a, b)} ochiq to’plam ekanligini
isbotlang.

5. feC[ab] funksiya uchun shunday ce[a,b] son mavjudligini isbotlangki

(o)1)

bo’lsin.




Funksiyaning hosilasi

X c R to’plam berilgan bo’lsin.
Funksiyaning hosilasi. f : X — R funksiyaning x € X ichki nugtadagi hosilasi deb

quyidagi limit giymatiga aytiladi (agar mavjud bo’lsa):

o o F(x+AX)—f(x)
f (X)._AI!(TO AX '

f'(X,)— geometrik ma’nosi y=f(x) funksiyaga x=x, nugtadagi urinmasini
burchak koefetseyentini bildiradi:
k=f"(x)=tgé.

A

f(x + Ax)

y=f)

X x+ Ax

Urinma tenglamasi:
y—Yo=f'(%)(X=X%).
Ta’rif yordamida hosilani hisoshga misollar ko’ramiz.
1-misol: y=sin2x .
X+AX)—=Yy(X
Yechish: fim LX) =Y (%)
Ax—0 AX

limitni topamiz.

2sin Ax cos x+g
. . . Sin2(x+Ax)—sin2x . 2
(sin2x)'= lim = lim =
Ax—0 AX Ax—0 AX

i sin AX
=lim?2
AX—0 AX

AX
cos(x+7j = 2COS X.

2-misol. f (x)=xcosx.



(X+Ax)cos(x+Ax)—XcosX

(xcosx)'=lim

Ax—0 AX
i ((x+Ax)cos(x+Ax)— (X +Ax)cos x) +((x+Ax)cosx — xcos x)
_A>I<r—n>0 AX B
= lim (x+Ax)COS(X+AX)_COSX+cosxj:
AXx—0 AX
. AX . ( ij
—sin==sin| X+ —
) 2 2 )
= lim | (x+ Ax) +COS X |=—XSin X + COS X.
AXx—0 g
2
Masalalar
Ta’rif yordamida funksiyaning hosilasini toping.
1L f(x)=x>+x
2. f(x)=e*;
3. f(x)=Inx;
4. f(x)=tox;
5. f(x)=xe’;
6. f(x)=x"+x"sin2x.

Hosila hisoblash qoidalari:
Agar f,g—funksiyalar hosilaga ega bo’lsa u holda quyidagi tengliklar o’rinli:

x(y)
Funksiyani hosilasini hosila hisoblash qoidalariga ko’ra topishga misollar ko’ramiz.
Na’muna:

1-misol. f(x)= In(x+m) :



1 ' 1 1 '
f'(X)= ———(x+V14 X | = 1 1+x2) |=
(x) X + /14 X (X+ i ) x+\/1+x2[ +2 1+x2( i )j

_ 1 [1+ X J_ 1 VI+X’+x | 1
X + 1+ X V1I+X2 ) Xx+4J1+x* | 1+ %3 N

2-misol. f() arcsmx 1, 1-x

1/1_)( 2 1+X

: arcsmx 1. 1-x) (arCSinX)'Vl—XZ—al’CSinX(\ll—Xz)
f(x ZIn N
()= ( 1-x° 2 1+Xj 1-x?
23\' .
Y 1—arcsinx &%) L, Xarcsinx
L1 L(l_xj _ 21-x* Ll+x -2 _ o
21 1-x\1+x 1-x? e X (1+x)’ 12
1+ X
1 arcsinX arcsin x

1=x _(1—X2)ﬂ:(1—x2)2.

3-misol. f(x)

sinx

X

In f (x)=Inx"™ =sinxInx = (In f (x)) = (sinxInx) = f (%) —cosxlnx4MX

f(x) X
f'(x):f(x)(cosxlnx+wj_ S”‘X(cosxlnx+%j.
X X

4-misol. f(x)=(1+3x)"(2+5x)’3/5-4x.

In f (x):4In(1+3x)+3In(2+5x)+%ln(5—4x)

f'(x) 12 15 4 12 15 4
f(x) 1+3x 2+5x 3(5-4x) 1+3x 2+5x 3(4x+5)




f(xy:a+3xf(2+5xfﬂ5—4x£ 2, b4 j.

1+3x 2+5x 3(4x+5)
5-misol. f (x)=arctgx.

1

x'(y)

Agar y=arctgx bo’lsa x =tgy. Funksiyaning hosilasini topish uchun y'(x)=

formuladan foydalanamiz.

(arctgx)' = L _ 1 o y= L 1 -
x'(y) 1 1+tg’y 1+tg®(arctgx) 1+x°
cos” y

Masalalar
Funksiyaning hosilasini toping.

1. f(X)=xsinx; 2. f(x):ix; 3. f(x):XCOSX; 4. f (x)=v1+x°;

e In x

5 f(x)=sin3x; 6.f(x)=sin’x; 7. f(x):cos(x3+3x); 8. f(x)=In(sinx);

9. f(x):lntgg; In(arcco 1 j
Jx

2

9. f(x)=§\/x +a’ +—In(x+\/x +a2) 10. f(x):gxlaz—szra?arcsini;

2 a

11. f(x)=x"; 12. f(x)=x; 13 f(x)=(1+x)" (3x+2) &(3+4x)’;

2 /a—b X
arct ——tg—|,(a>b>0).
a’—b? g[ a+b92]( - )

15. y =|x| funksiya uchun y'(0)—mavjud emasligini ishotlang.

14. f(x)=

x“sin=,x#0 . L . o
16. y(x): X funksiyaning hosilasi uzulishga ega funksiya bo’lishini
0,x=0

ko’rsating.



Differensila hisobning asosiy teoremalari
f:C[a;b] > R funksiya berilgan bo’Isin.
Ferma teoramasi. Agar f funksiya CG(a;b) nugtada maksimum (yoki

minimumga) erishsa va shu nuqtada hosilaga ega bo’lsa u holda f'(c)=0.

YA

3

Natija. feC'[a;b] funksiyaning eng katta va eng kichik giymatlari
M ={f (a), f (Xl), f (Xz),..., f (Xn), f (b)} to’plamning maksimumu va minimumi
bo’ladi, bu yerda X,X,,..,X, —nugtalar f'(x)=0 tenglamani (a;b) oraliqdagi
yechimlari.

Roll teoramasi. Agar f funksiya [a; b] oraliqda uzluksiz, (a;b) oraliqda hosilaga
egava f(a)=f(b) bo’lsau holda shunday c € (a;b) nugta topiladiki f'(c)=0 o’rinli.




Lagranj teoramasi. Agar f funksiya [a; b] oraliqda uzluksiz va (a;b) oraliqda
hosilaga ega bo’lsa u holda shunday c € (a;b) nugta topiladiki

f '(C)z f (b)_ f (a)

b-a

tenglik o’rinli.

b—a . £(b)

§(@) flor™ f(b) — f(a)

................... fle) = ==

1-misol. P(x)=x(x-1)"(x+2) ko’phadni [-2;1] oraligdagi |P(x)| ifodaning eng
katta giymatini toping.

Awval P (X) ko’phadning hosilalari nolga aylanadigan qiymatlarini topamiz:

P'(x):(x—1)2(x+2)+2(x—1)x(x+2)+x(x—l)z:4(x—1)(x2+x—%j:0.

Ekstremum nuqtalari x, =1,X,; =

bo’lib ularni hammasi [—2;1] oraliqda yotadi.

_1+4/3
2

Demak funksiyanign eng katta va eng kichik giymatlari quyidagi to’plamga tegishli:

Pearer(Z52)25)




y=P()

\ \ //
\\_ j /

Demak P, =P(x,) :—_9+T6\@, P =P(X,)=.

X1

2-misol. 0<b<a hagigiy sonlar uchun In% > aT—b tengsizlikni isbotlang.

f (X)= Inx funksiya uchun Lagranj teoremasiga ko’ra shunday Ce[b;a] nuqgta
mavjudki quyidagi tenglik o’rinli:

f(b)-f(a) f,(c)jlnb—lnazljlng_b—a.
a

b—a b—a C C
Ya’ni InE:—Ing:aT_b. b<c<a ekanligidan foydalansak %>§ va bu
tengsizlikdan: '”%:aT_b>aT_b kelib chigadi.

3-misol. f eC'[a;b] (va’ni f'eC[a;b]) funksiya tekis uzluksiz ekanligini
isbotlang.

f'eC[a;b] bo’lgani uchun f'(x) funksiya [a;b] oraliqda chegaralangan va
o’zining eng katta hamda eng kichik qiymatlariga erishadi. |f '(X)|£ M,VXe[a; b]
bo’lIsin. ‘v’X',X"e[a;b] sonlar uchun Lagranj teoremasiga ko’ra shunday Ce[x';x"]
nugta mavjudki quyidagi tenglik o’rinli:

‘ux")—f(x')

T =|f'(x)|<M =|f (x")—f(x") <M [x=x".




Agar Ve >0 son uchun |X'—X"|<5::ﬁ bo’lganda yuqoridagi tengsizlikka ko’ra
| f(x")— f(x")| <& bo’lishi kelib chigadi. Ya'ni f funksiya [a;b] oraligda tekis
uzluksiz.

4-misol. Agar f funksiya [a,b] oraligda uzluksiz va (a,b) oraligda

differensiallanuvchi hamda a>0 bo’lsa u holda shunday ce(a,b) son topolishini
isbotlangki quyidagi tenglik bajarilsin:

af (b)—-bf (a) = f (c)—cf '(c).

a—b B

F(x)= f E(X) va G(x) :% funksiyalar [a,b] oraliqda Koshi teoremasini shartlarini

bajaradi. Koshi teoremasiga ko’ra shunday c € (a, b) son topiladiki

f(b) f(a) cf'(c)-f(c)

b a_ _ ¢’
11 1
b a c?

o’rinli. Bu tenglikni soddalashtirib af (b)—bf (a) = f(c)—cf'(c) tenglikni hosil

gilamiz.
Masalalar

1. P(x)=(x=%)(X=X,)...(x=X,) ko’phad uchun P'(x)=0 tenglama n—1 ta haqiqiy
ildizga ega ekanligini isbotlang.

2. x,ye(—%,%) sonlar uchun [arctgx —arctgy| <|x—y| tengsizlikni isbotlang.

3. x>0 son uchun % <In(1+x) < x tengsizlikni ishotlang.
+X

4. Agar f eC'[a,b] funksiya uchun f (a)=0 bo’lsa shunday c (a,b) son mavjudligini
ishotlangki f'(c)= f(c) bajarilsin. (Ko’rsatma: F(x)=e™f (x) funksiya uchun Roll

teoremasini qo’llang.)



5. Agar f funksiya [a,b] oraligda uzluksiz va (a,b) oraligda differensiallanuvchi hamda
a>0 bo’lsa u holda shunday ce(a,b) son topolishini isbotlangki quyidagi tenglik
bajarilsin:
ab(bf (b)-af (a))
b-a

=c?(f(c)+cf'(c)).

(Ko’rsatma: F (x)=xf (x), G(x)= 1 funksiyalar uchun Koshi teoremasini qo’llang.)
X

6. Agar f:R—R funksiya VxeR va VYh>0 son uchun |f(x+h)-f(x—h)<h?
tengsizlik bajarilsa f (x) = const bo’lishini isbotlang.

Lopital goidalari.
1-goida. Agar g, f eC(x,—8,X%,+6) funksiyalar uchun lim f (x)=limg(x)=0

X—Xg X—Xg

bo’lib lim LXO)— limit mavjud, g (X) #0 va chekli bo’lsa u holda lim M
x>% () (XO) X—>Xg g(xo)

mavjud va quyidagi tenglik o’rinli:

—limit

IimLXO) = lim M
=% g'(%) 0 g(X)

2-qoida. Agar g,f:(x0—5,x0+5)—>R funksiyalar uchun lim f (x)= =0,

(%)

lim g(x)==c0 bo’lib lim —limit mavjud, g'(X):ﬁO va chekli bo’lsa u holda

X—>Xg X=% () I(XO)

f(x) . : o s

lim ——= —limit mavjud va quyidagi tenglik o’rinli:

X% g(xo)
jim -+ 0%) _ i £00).
X—>Xg g (XO) X—>Xg g(xo)

1-misol. “msmxg—x.
x—0 X




2-misol. Iim(1 1 )
-0\ x e*-1

(1 1) . e*-1-x [0] . (e¢f—1-x)
im| ————— |=lim———= =lim
x>0\ x e*=-1 x—0

eX

-1

(e : e 1
=1lim =lim—-=—.
x>0 (ex—1+xex)' x>0 2e% + xe* 2
3-misol. lim x*.
X—>+0
1
InTX lenjomTX 00 XILTOﬁ lim (=x)
limx* = lime"™ =lime* =e :{—}:e X =g =gl =1
x—>+0 Xx—>+0 x—>+0 00
4-misol.
1
1\y 1 |(1+X)x EI Lex)-1
(1+X)X X - In(l+x)x£ I|mn o 0 ”mxn( +X) Iimln(1+x) X 0
Ilm — Ilme e X :exao X :exao X _exao )(2 —
x—0 e x—0 0 0
i— 1
. _1i 1
oM _[9 o) _ g2 -
0
Limitlarni toping.
cosx—1 X
i Y . tgx—X (1 1 .
1. lim 7 - 2. 1lim 9 — 3. lim| =——— |1 4. Ilmﬁlnx;
x—0 X x>0 X x—0| X |n(1_|_ X) x—>+0
3 2 I H i
. X°+3x°=3x+5 . In(sinax . (sinX ¥
5. lim - X 6. Im#; 7. lim| —— | .
Ko e x>0 In(sinbx) 0 X

Yugqori tartibli hosila va differensiallar

Agar f,geC" funksiyalar bo’lsa u holda quyidagi tenglik o’rinli:

o)



n(n-1) fo2gn, n(n-1)(n-2)

(n)_ (n) (n-1) 1
(fg) ' =f"g+nf"Vg'+ 5 3

fO3gmy .+ fg",

bu yerda f" (x):= ( f () (X))'— yugori tartibli hosila. Ba’zi funksiyalarni yugqori tartibli

hosilalarini keltiramiz:

(sin x)(”) =sin (x + ”—nj;
2

(cosx)"™ = cos(x + %nj

n(n-1)(n-2)..(n—k+1)x"*,k <nyokik ¢ N

(Xk)(n): nl,k=n , bu yerda k >0;
0,k >nvak eN
(") ~
(%) =(-1)" k(k+1);(..ng<+n 1), bu yerda k > 0:

(ax)(n) =a*(Ina)";
(f (ke+b))™ =k (kx +b).
1-misol. y(x)=(x+5x+3)sin3x bo’lsa y" (x) yuqori tartibli hosilani toping.

)

f (x)=sin2x va g(x)=x?+5x+3 funksiyalar uchun (fg)" hosilani topish va

( f (kx+ b))(n) =k"f™ (kx+b) formulalarni qo’llab yugqori tartibli hosilani topamiz.
((x2 +5x+3)sin 3x)(n) — (sin3x)" (x* +5x+3)+n(sin 3x)" (2x+5)+

+n(nT_2)(sin 3x)"?2=3"(x? +5x+3)sin (SX - %n) -

3”1n(2x+5)sin(3x+”(nT_l))+3”zn(n —2)sin(3x+#).

2-misol. y = bo’lsa y™ (x) yugori tartibli hosilani toping.
N y™ (x) yug ping



Agar ((kx+b)a)(n) =a(a-1)(a-2)...(a-n+1)k"(kx+b) " formuladan

foydalansak u holda hosilasi quyidagicha:

y™ = ((2 _ 3X);j(n) = —%(—gj(—gj(— an_ 1j(—B)" (2- E’,x);n =

~3(2n-1)n 1

2" (2-3x)"2-3x

2

X
NJ1-2x

Avval funksiyani quyidagicha ko’rinishda yozib olamiz:

3-misol. y(x)= bo’lsa y(”)(x) yugori tartibli hosilani toping.

y(x)= x> 4x _4x2—4x+l+ ax-2 1
1-2x  4J1-2x 4J1-2x  4V1-2x 441-2x

3 1 1
—(1-20)2 - ~(1-2x)2 + 2 (1-2%) 2.

1 3 (n) 1 1 (n) 1 1 (n)
y(”)(x):z((1—2x)2j —E((l—Zx)ZJ +§((1—2x) 2) tenglikdan foydalanib har
bir hosilani 2-misoldagi kabi soddalashtirib quyidagi javobni olamiz:

2n —5)11(3x?> —2nx+n?—n
y(")(x):( ) ( )

net
(1-2x) 2
4-misol. Agar y(x)=e™cosbx bo’lsa y(”)(x) yugori tartibli hosilani toping.
Funksiyani hosilalarini topamiz:

y'(Xx)=ae™ cosbx —be® sinbx = e™ (acosbx —bsinbx) =e*+/a’ +b* cos(bx + ¢),

bu yerda cos¢e

,Singp =

a b
va’ +b? JaZ+b?
y"(x)=e*va’®+b? (acos(bx+¢)—bsin(bx+¢))=e*a’ +b?’ 2 cos(bx +2¢);

y"(x)=e*va’ +b? 2 (acos(bx +2¢)—bsin(bx +2¢)) =e*Va’ + b’ 3 cos(bx +3¢p).



Matematika induksiya usuli orqali y" (x)=e™+/a?+b? cos(bx+ng) tenglik
o’rinli bo’lishini ko’rsatish mumkin.
Masalalar

Quyidagi funksiyalarni n—tartibli hosilalarini toping.

1. y=a“"* 2.y=In2x; 3. yzi; 4. y=xe*; b. y:25x—+4 (Ko’rsatma
x—1 X°—5X+6
5x+4 A B X

= + ko’rinishida yozib oling); 6. y=x?cos3x; 7.y= X
X*-Bx+6 2-X 3-X Y & y y 1—x
8. y =sin3xcos5x; 9. y=x|n1+—x; 10. y =e®sinbx;  11.y=sin* x+cos” x.

—X

™ (-1)"n!

12. (Inxj :( )1 '(Inx—l—l—l—...—lj tenglikni isbotlang.
X X 2 3 n

Teylor formulasi

Agar f e C(n+1)(x0 —0,X,+0) bo’lsa u holda quyidagi tenglik o’rinli:

(x)= 1 () #0000 (e ) (e

1! 2! 3!

(") (x ) )
+]c n(! 0)(x—x0) +o((x—x0) )

f (n+1) (C)

bu yerda o((X—Xo)n):m

(x=%,)" va c—x va x, orasidagi son.

Bu formula f (X) funksiyaning x = x, nuqtadagi Teylor formulasi deyiladi. Yig’indi
ko’rinishida quyidagicha yozish mumkin:
n K (Xo)

f (X):ZT(X_XO)k +o((x—xo)n).

n f(k)(o)
o k!

Agar X, =0 bo’lsa formula f (x)= X" +0(X”) ko’rinishida bo’ladi.



@

f(0) 2+f '(0) 3
3!

/ FO)+F(Ox+

f0) +f'(0)x +& 2

f(0) + f'(0)x

f(0)

Bu hol uchun quyida ba’zi elementar funksiyalar uchun yoyilmani keltiramiz:

X X2 3 Xn

¢ =1+ =+ —+—+..+—+0(X");
1 2t 3! nl!

35 7 C1\" 204l
SinX:X—X—+X__X_+”_+( 1)X +O(X2n+2);
31 51 71 (2n+1)!

2 4 6 8 _ n_on
cosx=1-—+ X__X_ X__ (1))( +O(X2n+1)
TR (2n)
(1+x)a_1+—x+—a(a_1)x2+...+a(a_l)(a_z)"'(a_n+l)x”+o(x”);

TIPY o
i:1+x+x2+x3+...+x”+o(x”);
1-x
—In(l—x)—x+X—2+X_34r +X_n+o(xn)

- 2 3 e N .

1-misol. f (x)=\/§ funksiyani X, =1 nuqgtada Teylor formulasini yozing.
f(1),f'(1),f"(),.. £ (1) giymatlarni topamiz:

f(x):\/;:>f(1)=



Ao

1
Umumiy holda f(”)(x)=%(—%j(—gj(—gj...(—2n2_3jx 2 gonuniyatni

sezish va uni matematik induksiya metodi yordamida oson ko’rsatish mumkin. Bu holda

§ () (1) (_1)n_1 (2n — 3)”

= o va Teylor formulasiga ko’ra ushbu

\/;=1+$(x—1)—%(x—1)2 +%(x—1)3 ot (‘1)n_2(nir; M ro((x-1)')

tenglik o’rinli.

2-misol. sinl sonni giymatini verguldan keyin 5 ta ragam aniqgligida hisoblang.

Malumki:
. XX x* X (-1)" x> - ‘(Sinx)(M) ) X"
SINX—| X——+—— .. 4~ =o(x n ): ellx"| g —— .
31 5 7l (2n+1)! (2n+2)! (2n+2)!

U holda quyidai tengsizlik bajarilishi kerak:

11
(2n+2)! " 10000

sin1—1—£+l 1+ + (-1

——+... <
3l 51 7! (2n+1)!

ya'ni (2n +2)! >10000. 7!'<10000< 8! bo’lgani uchun n>8 bo’lib berilgan aniqlikka

erishish uchun x®=1° gacha bo’lgan hadlarini olish yetarli. Birogq x® oldidagi

1 1

koefetseyent 0 ga teng. Shuning uchun sin1z1—$+a—; ~0.84147.



g¥ — X —cosXx

4-misol. Limitni toping: lim >

x—0 X

, . X 2 X 3 X’ 2
Ma’lumki e =1+x+—+o(x) va cosx=1——+o(x ):1——+o(x ) Bu

tengliklardan foydalanamiz:

NG NG
X 1+ X+—+0(x*)=x—-1+"+o0(x?
lim &2 —"F% _jim o) 2l )=Iim(1+o(1)):1.

x—0 )(2 x—0 X2 x—0

sin(sinx(sinx(sinx)))—x
5-misol. Limitni toping: Iing ( ( 3( ))) :
X—> X

3

Ma’lumki SinX=X-— % + O(XS) . Shuning uchun quyidagi tengliklar o’rinli:

3

sin (sin x):sin(:x—%+o(x3)]:x—§+o(x3)—m:x—2-§+o(x3);

sin(sinx(sinx))=sin(x—2-§+o(x3)]:x—2-§+o(x3)—m:

sin(sin X (sin x(sin x))):sin(x—3-%3+o(x3)j: x—3-§+o(x3)—m:

Endi limitni hisoblaymiz:
3

- - - - - 3 —_
Iimsm(smx(sm>;(smx)))—x:“mX 3 +:7(X ) X=Iim(—g+o(1)):—2
x—0 X x—0 X x—0

3
6-misol. f(x)=3sinx® funksiyani x=0 nugta atrofida x** hadigacha Teylor

formulasini yozing va f(13)(0) toping.



xX*=t  belgilash  kiritamiz.  o(x')  hadigacha  yoyish  uchun

3 5 2 4
sinx3:sint=t—t—+t—+o(t6):t 1—t—+t—+o(t5) olish yetarli. U holda
6 120 5 120

f (x)=€/siT=té (l—%+%+o(t5)f ={a(t):—£+i+o(t5)}:té (1+ a(t)); =

5 120
2t ( t, T
, I S L
=X 1+a(t)_a(t) +o(a(t)2) —x|1+—0 120 6 120 +0(5) =
3 9 3 9

:x[l_ﬁ_ t +o(t5)j:x[1_xi_ X +o(x15)j:x—x—7— < o(x®).
18 3240 18 3240 18 3240

_ f09(0) 1 . .
Bu tenglikdan Ci = =— kelib chigadi. Demak
13! 3240
!
£ (0)= _ 18t 1921020,
3240

7 13

Javob: fsinx® =x -~ X 4 o(x**) va f(0)=-1921920.

18 3240

7-misol. f eC?*[0;1] funksiya uchun f(0)=f(1)=0 va Vvxe[0;1] uchun
|f"(x)|<M tengsizlik bajarilsa u holda Vxe[0;1] uchun |f'(x)|s% tengsizlikni
isbotlang.

t nugta atrofida funksiyani Teylor formulasini qo’laymiz:

f(x)=f(t)+f '(t)(x—t)+m(x—t)2.

2!



f"(c(0
Agar x=0 bo’lsa O:f(t)—tf'(t)+Mt2. X=1 bo’lsa u holda

0=f(t)+f'(t)(1-t)+ 1 (t—l)2 bo’lib oxirgi ikki tenglikni qo’shib

1_ 2
f'(t)= —[ f "(C(O))'[2 — f (C(l))( 2t )J tenglikka ega bo’lamiz. Bu tenglikdan

<%[\f "(c(0))|t* +|f "(c(l))\@} %(Mtz +M @] :%(th —2t+1)

tengsizlikni hosil gilamiz. te[0;1] oraligda 0<2t*—2t+1<1 bo’lgani uchun
IO E % tengsizlik o’rinli ekanligi kelib chigadi.
Masalalar

1. f(x):e2X funksiyani x:% nugta atrofida n=6 hadigacha Teylor formulasini
yozing.
2. f(x)=€/§ funksiyani x:% nugta atrofida n=5 hadigacha Teylor formulasini

yozing.

3. f(x)z(1 Xx)2 funksiyani x =0 nugta atrofida n=7 hadigacha Teylor formulasini

yozing.
4, f(x):tgx funksiyani x=0 nugta atrofida n=3 hadigacha Teylor formulasini
yozing.
5. f(x):sin2x funksiyani x:% nugta atrofida n=6 hadigacha Teylor formulasini

yozing.



6. f (x)=x" funksiyani x =1 nugqta atrofida n =3 hadigacha Teylor formulasini yozing.

. . _In(1+x)-sinx . sinx—
7. Limitlarni hisoblang. a. lim ( Z : b, lim M X ;<cosx;
x—>0 X x—0 X
__sin(tgx)—tg(sinx 3 _
¢. lim (94) 39( ) (Ko’rsatma: th=X+X?+0(X3) dan foydalaning).

x—0 X

8. f(x)=In 1-x funksiyani x =0 nugta atrofida x*"** hadigacha Teylor formulasini
1+X

yozing.

Q. f(xk% funksiyani x=0 nuqta atrofida x*" hadigacha Teylor formulasini

yozing.

1
10. f(x)=(1+x)x funksiyani x=0 nuqta atrofida x> hadigacha Teylor formulasini

yozing.

funksiyani x=0 nugta atrofida x* hadigacha Teylor formulasini

11. f(x)==

yozing.

12. f(x):ln5i¥ funksiyani x=0 nugta atrofida x° hadigacha Teylor formulasini
yozing.

13. sin18° giymatini verguldan keyin 5 ta ragam anigligida hisoblang.

14. Agar feC?*(R) funksiya uchun M, :squE)|f (x), M, :sxliFE)|f '(x)) va

M2=SUp|f"(X)| bo’lsa u holda M/ <2M,M, tengsizlikni isbotlang. (Ko’rsatma
xeR
|2

0<|f(0)|<|f (x)[+|f'(x)||x+|f "(x)|x7s M+ M,y + |v|2y72 tengsizlikni hosil gilib

2
M,+M,y+M, y7 kavdrat uchhad musbatligidan foydalaning, bu yerda y = \x\ )



